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We evaluate the detector nonideality (and energy sensitivity) of a normal-state single-electron
transistor (SET) in the cotunneling regime in a two-charge-state approximation. For small conduc-
tances and at zero temperature, the SET’s performance as a charge-qubit readout device is charac-
terized by a universal one-parameter function. The result shows that near-ideal, quantum-limited
measurement is possible for a wide range of small bias voltages. However, near the threshold volt-
age for crossover to sequential tunneling, the device becomes strongly nonideal. The (symmetrized)
current-charge cross-correlation vanishes for low frequencies, causing two different definitions of
detector nonideality to agree. Interpretations of these findings are discussed.
PACS numbers: 73.23.Hk, 03.67.-a, 05.40.-a, 07.50.Ls
In any proposal for the physical implementation of quan-
tum computing, the final qubit readout plays an integral
role [1]. The same holds true for less ambitious forms of
controlled quantum-state manipulation. This prompts
the study of detector quantum efficiency: what is the re-
lation between the minimum measurement time τm and
the rate Γd at which coherence in the measured system is
destroyed? It turns out (e.g., [2]) that the fundamental
limit reads η ≡ (2τmΓd)−1 ≤ 1; in general, η is called
the detector nonideality. While the detector’s decoher-
ing backaction noise thus is unavoidable, it need not be
unknowable: if it is correlated with the detector’s output
noise, part of it is contained in the measurement record,
limiting information loss. Accounting for this leads to
a modified definition η˜ (cf. [2] and Eq. (1) below), with
η ≤ η˜ ≤ 1. A formulation (also used in quantum optics)
in terms of the energy sensitivity ǫ (cf. Eq. (2) below),
quantum-limited to ǫ ≥ 12 (throughout h¯ = 1), leads to a
similar conclusion [3,4].
In solid-state realizations, the natural discreteness of
either single electrons or especially Cooper pairs makes
charge qubits one of the prominent candidates, and in-
deed experimental progress is encouraging [5]. The above
then leads one to study quantum detection of charge. A
point-contact electrometer was shown in Ref. [6] to have
η ↑ 1 for suitable parameters. While this is significant
theoretically, the required 2-d electron gas and the lim-
ited sensitivity in current experiments make implementa-
tion difficult. A single-electron transistor (SET) is more
attractive, setting forth the theoretical challenge to an-
alyze detector efficiency in the presence of the strong
Coulomb interaction typical of these devices. A major
distinction must first be made between superconducting
[7] and normal SETs. The former have the advantages
of straightforward integration into a circuit containing
Josephson qubits, and of the absence of decohering nor-
mal metal [8]. On the other hand, the latter will be
robust against magnetic fields if these are e.g. needed to
manipulate spins [9]; furthermore, they are sometimes
preferred empirically, perhaps because the detailed be-
haviour of voltage-biased superconducting SETs is rather
complicated [10]. Without arguing in favour of either de-
vice, these remarks motivate the theoretical analysis of
normally conducting SET quantum electrometers.
Such an analysis was carried out in Ref. [11] for semi-
classical ‘orthodox’ sequential tunneling. Although the
detailed formulas apparently cannot be taken literally
(cf. [2]), the main conclusion is that η˜ = O(α) ≪ 1
for bias voltages V well beyond the Coulomb-blockade
threshold Vt; here, α = (2πe
2RT)
−1 is the dimension-
less tunneling conductance. Only if V ↓ Vt does η˜ in-
crease to become of the order of unity in the crossover
region, where the analysis breaks down. While thus not
leading directly to quantum-efficient detection, the result
encourages one to look beyond the quasi-Ohmic regime.
An analysis for V ≈ Vt was presented in Ref. [4] for a
‘quantum-dot’ SET, with a central island consisting of
a single energy level—the extreme opposite of the more
widely used metallic SETs. With ǫ > 1/
√
3, ideal detec-
tion is then found to be unattainable.
Clearly, it is desirable to complement these studies by
calculating η˜ for a metallic SET in the threshold and, for
still smaller V , cotunneling regimes. For an SET, η˜ can
be elegantly expressed in terms of conventional transport
quantities as [2]
η˜ =
(C2/4)(dIstn/dq)
2 + F˜Qn(0)2
Fnn(0)FQQ(0) . (1)
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Here, dIstn/dq is the responsivity of the DC current to
the offset determining the available island charge states
as Q = q + Ne (N ∈ Z), and C is the total island
capacitance. The current power spectrum Fnn′(ω) =∫
dt eiωtFnn′(t) is obtained from the correlator Fnn′(t) ≡
〈In(t)In′ 〉, with indices n(′) = l, r for the left and right
leads respectively, and with the average 〈·〉 taken with
respect to the density matrix of the stationary current-
carrying state. The other power spectra are similarly ob-
tained from the charge correlator FQQ(t) ≡ 〈Q(t)Q〉 and
cross-correlator FQn(t) ≡ 〈Q(t)In〉. In quantum mechan-
ics the operator ordering matters, and one defines the
symmetrized F˜Qn(t) ≡ 12 〈Q(t)In + InQ(t)〉 = ReFQn(t),
so that F˜Qn(ω) = 12 [FQn(ω)+FQn(−ω)∗] is real for ω = 0.
The latter is understood as the low-frequency limit, that
is, the contribution ∝ δ(ω) of the average quantities is
excluded. Equations (5)–(9) below then show that (1)
in fact is n-independent. Taking only its first term, i.e.,
ignoring the output–backaction cross-correlation, yields
the corresponding expression for η. In terms of the same
correlators, the energy sensitivity is defined by
ǫ =
√
ǫIǫQ − ǫ2IQ , (2)
with ǫI = Fnn(0)/[C(dIstn/dq)2], ǫQ = FQQ(0)/C, and
ǫIQ = F˜Qn(0)/[CdIstn/dq].
With the above purpose, we have studied SET fluctu-
ations using a diagrammatic Keldysh technique [12] in
the many-channel or ‘wide-junction’ approximation, ap-
propriate in the metallic case. Tunneling is described by
a Hamiltonian coupling reservoirs at chemical potentials
µl, µr, and µi ≡ 0 in the left and right leads and on the
island respectively, so that eV = µl − µr [13]. The elec-
trons interact only via their collective charge, and one
introduces the Coulomb-energy differences
∆N =
(Q+e)2 −Q2
2C
=
e
C
[q + (N+ 12 )e] . (3)
For q ≈ −e/2, one needs to take only the states N = 0, 1
into account, all others having a much higher energy.
For instance, ∆0/|∆−1| ≈ 0.1 if q = −0.4e. Since
eVt ≪ |∆−1|, this picture remains quantitatively correct
throughout the cotunneling regime [13]. One is left with
three relevant energies (besides the temperature T ), but
inspection of Ref. [12] shows that
Istn (µl, µr,∆0) = I
st
n (µl−∆0, µr−∆0) (4)
so that in fact there are only two parameters, correspond-
ing to the bias and gate voltages of the experiment. This
property is general for the two-state model, and we will
absorb ∆0 by a shift µn 7→ µn −∆0.
For ω = 0, the diagrammatic resummation carried out
in [12] for Istn can also be performed for Fnn′ , leading
to a unified treatment of the cotunneling, crossover, and
quasi-Ohmic regimes for low damping α <∼ 0.1 and finite
T ≪ EC ≡ e2/2C. Alternatively, one can obtain the
complete F(ω)’s to leading order in α on either side of
Vt. While these results are of interest and will soon be
reported [14], presently we show how a subset of them
suffices to evaluate η˜, and in particular that ideal detec-
tion can be attained within the range of validity of our
approach.
Let us focus on the cotunneling regime, characterized
(besides by T = 0 and αn ≪ 1 for the individual junc-
tion conductances) by the impossibility of a semiclassical
cascade µl > 0 > µr (or vice versa). Without loss of gen-
erality take µr < µl < 0 so that V > 0, while the N = 0
charge state is the dominantly occupied one. The low-
frequency regime is defined by |ω| < min(eV, |µl|) [15].
The diagrammatic rules of Ref. [12] then yield [14,16]
Fll(ω)
2πe2
= α2l θ(ω)
{
ω2−2µ2l
ω
ln
(
1−ω
2
µ2l
)
− 2ω
}
+ αlαr
{
2(µr−µl−ω) + (ω+µl+µr) ln
(
µl+ω
µr
)}
,
Frr(ω)
2πe2
= α2rθ(ω)
{
ω2−2µ2r
ω
ln
(
1−ω
2
µ2r
)
− 2ω
}
+ αlαr
{
2(µr−µl−ω) + (ω−µl−µr) ln
(
µr−ω
µl
)}
,
Fnn¯(ω)
2πe2
= −αlαr
ω
{
µl(µr−ω) ln
(
µr−ω
µl
)
+ µr(µl+ω) ln
(
µl+ω
µr
)
+ ω(µr−µl−ω)
}
(5)
(n¯: ‘the other lead’ so that r¯ = l etc). For ω → 0 these
reduce to the Schottky formula
Fnn′(0) = (−)δn¯n′ eIstr , (6)
Istr = 2πeαlαr{(µl+µr) ln(µl/µr) + 2(µr−µl)} > 0 . (7)
However, this ‘pure shot noise’ is non-white on the fre-
quency scale set by the µ’s [17]. Equation (7) is a limiting
case of the full three-state cotunneling theory [18]: letting
E2 → ∞ for one of the latter’s two excitation energies
E1,2, one finds agreement for E1 = |µl|. This is consistent
with our assessment of the two-state approximation.
The relative minus sign of Fnn¯(0) is a consequence of
current conservation; this will be important in the follow-
ing. Namely, the operator identity Q˙ = −∑n In implies
iωFQn(ω) =
∑
n′
Fn′n(ω) , (8a)
ω2FQQ(ω) =
∑
nn′
Fnn′(ω) ∈ R . (8b)
Substituting the correlators of Eq. (5), it is first of all
gratifying that the ω → 0 limits implied by Eq. (8) actu-
ally do exist. One finds in detail
2
F˜Qn(0) = 0 , (9a)
FQQ(0) = 2πe2αlαr (µl−µr)
3
6µ2l µ
2
r
> 0 . (9b)
Inspection of Eq. (5) shows that the vanishing of F˜Qn(0)
is caused by not only Fnn(ω) but also Fnn¯(ω) being real
(with no excitable levels available to the system in the
frequency range and perturbation order considered), the
latter not being dictated by symmetry (outside equilib-
rium, not all the standard relations hold).
Equation (9b) (and also the relation (8b) between the
full spectra) has been verified by a direct diagrammatic
calculation of FQQ, with the advantage that there are no
lead-index dependencies, while the Q operator merely se-
lects the excited charge state. However, since Q = O(α0)
while In = O(
√
α), the advantage is offset by the leading
cotunneling calculation being already fourth order (sec-
ond order for Fnn′). The additional energy denominators
mean that the ω → 0 limit still requires care, and are also
the reason why Eq. (9b) has no logarithms. More phys-
ically, this causes the more dramatic divergence in the
threshold limit µl ↑ 0 than for the current (7), so that
lifetime corrections in the threshold regime proper should
be especially interesting for the charge fluctuations [16].
Returning to Eq. (1), Eqs. (3) (for N = 0) and (4)
show that dqI
st
r = −(e/C)[∂µl+∂µr ]Istr , the rhs following
from Eq. (7). The detector nonideality now becomes a
universal function of χ ≡ µl/µr,
η˜ = η =
3[1 + 2χ lnχ− χ2]2
2(χ− 1)3[(1+χ) lnχ+ 2(1−χ)] (10)
∼
{
3/[2 lnχ−1 − 4] ↓ 0 , χ ↓ 0 ;
1− 120 (1−χ)2 +O[(1−χ)3] , χ ↑ 1 .
Equation (10) is this paper’s central result. Its striking
asymptotics have two significant consequences. First, η˜
deviates from its equilibrium value of one only slowly, so
that even at χ = 12 the nonideality is less than 2.5%. This
is useful, since the detector must be operated at nonzero
bias. Second, for any reasonable α’s, η˜ still differs ap-
preciably from zero at the point χ ≈ αr where thresh-
old lifetime effects cause our approximation to break
down. Pending further investigation, this is consistent
with a smooth crossover to the low semiclassical values
for η˜ [2,11]. Since F˜Qn(0) = 0, Eq. (2) yields simply
ǫ = 1/(2
√
η).
The finding of detector ideality at small V can be inter-
preted as follows: far away from Vt, the SET’s internal
structure becomes invisible to the outside, so that the
device behaves similarly to a tunable-barrier model [19],
which is known to be ideal. Furthermore, at T = 0 and
V → 0 the phase-space volume available for cotunnel-
ing processes shrinks to zero; hence, each process probes
the detected charge almost identically, minimizing infor-
mation loss [20]. In the corresponding small-bias regime
of the model in Ref. [4], the limitation to one transport
channel makes the output current impracticably low.
Let us finally investigate the ‘output’ energy sensitiv-
ity ǫI [cf. below Eq. (2)], sometimes considered instead
of—or indeed confused with—the total energy sensitiv-
ity ǫ. In particular, ǫI (which does not involve the back-
action fluctuations) is the appropriate figure of merit only
when the detected signal, coming from an external clas-
sical source, can be considered as a given. Equations (6)
and (7) yield
ǫI =
eVt
4παlαrEC
χ2[(χ+1) lnχ−1 + 2(χ−1)]
[1 + 2χ lnχ− χ2]2 , (11)
where we used eVt = |µr|. Equation (11) diverges for
χ ↑ 1, so that in terms of ǫI the detection actually is
poor for small voltages. In the opposite limit χ ≈ αr
[cf. below Eq. (10)], one finds ǫI ∼ (eVt/4πEC)(αr/αl)×
[ln(α−1r )−2]. Since one can achieve eVt ≪ EC by decreas-
ing |q/e + 12 | (with an interesting possibility for further
optimization by taking αr < αl), ǫI has no fundamental
lower limit. These findings are in broad agreement with
the semi-quantitative treatment in Ref. [21]. For our pur-
pose, Eqs. (10) and (11) moreover show that with χ ≈ 12 ,
one can simultaneously achieve an excellent ǫ and a rea-
sonable ǫI .
It would be interesting to go beyond cotunneling the-
ory by extending the resummation calculation of Fnn′(0)
[14] to the other correlators figuring in Eq. (1). Even
though a treatment of the crossover regime is rendered
less urgent by our finding that rather η˜ ↑ 1 in the op-
posite limit, one can then study the presumably degrad-
ing effects of finite temperature and quasiparticle damp-
ing. However, the perturbative findings outlined below
Eq. (9b) caution one that taking the low-frequency limit
may be difficult—in fact, it is delicate already for the
current correlator. Foregoing both finite-damping and
finite-frequency effects, one should also try to do a full
three-charge-state cotunneling calculation [18]. Our lim-
itation to |q/e+ 12 | <∼ 0.1 leaves a usable finite window for
operation if α≪ 1, but is at present purely technical. In
particular, the question whether ideal quantum detection
can be achieved for small V and general q remains open.
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